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Abstract
We prove that if a partial integral matrix has a free diagonal then this matrix can be completed to a
unimodular matrix. Such a condition is necessary in a general sense. Consequently if an n × n (n  2)
partial integral matrix has 2n − 3 prescribed entries and any n entries of these do not constitute a row or a
column then it can be completed to a unimodular matrix. This improves a recent result of Zhan.
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1. Introduction
For simplicity of presentation, we will consider only matrices over the rational integers Z,
but all the results have obvious generalizations to matrices over more general rings. Let Mn(Z)
be the ring of n-by-n matrices over Z. A matrix A ∈ Mn(Z) is called a unimodular matrix if
det A = ±1. Being units of Mn(Z), such matrices are used to define the equivalence relation
between integer quadratic forms [3]. A partial matrix is a matrix with some entries specified
and the other unspecified entries free to be chosen. We call these unspecified entries free entries.
We also call the specified entries prescribed entries. For example the following is a 2 × 2 partial
matrix where ?’s mean free entries:
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A =
(
1 ?
? 2
)
.
A completion of a partial matrix is to specify the free entries and to retain the prescribed entries.
For instance the following are two completions of the above A:(
1 3
4 2
)
,
(
1 5
6 2
)
.
Our problem is whether a given partial integral matrix has a unimodular matrix completion.
Let A = (aij ) be a matrix of order n and σ be a permutation on {1, 2, . . . , n}. Then the n-
tuple {a1σ(1), a2σ(2), . . . , anσ(n)} is called a diagonal of A. Each diagonal contains exactly one
element from each row and from each column of A. In particular, {a11, a22, . . . , ann} is called the
main diagonal of A. A diagonal of a partial matrix is called free if every entry on the diagonal
is free. For example, the following partial matrix has a free diagonal, i.e., the entries in positions
(1, 2), (2, 1), (3, 3):⎛
⎝1 ? 2? 3 ?
4 5 ?
⎞
⎠ .
Denote by Mr,s(Z) the set of r-by-s integral matrices. For A ∈ Mr,s(Z) we denote the j th invariant
factor by sj (A), j = 1, . . . , rank(A) [6].
In [7, Theorem 2], Zhan has proved the following theorem:
Proposition 1. Let a1, . . . , an be given integers. Let (it , jt ), t = 1, . . . , n be prescribed different
positions in an n-by-n matrix and these positions do not constitute a row or a column. Then there
exists a unimodular matrix of order n with the entry at in the position (it , jt ) for t = 1, 2, . . . , n.
We will prove that if a partial integral matrix has a free diagonal then this matrix can be
completed to a unimodular matrix. Using this result we show that if an n × n (n  2) partial
integral matrix has 2n − 3 prescribed entries and any n entries of these do not constitute a row or
a column then it can be completed to a unimodular matrix. This improves Proposition 1.
2. Main theorems
Theorem 1. Let A be a partial integral matrix. If A has a free diagonal, then A can be completed
to a unimodular matrix.
Proof. We first consider the case when the main diagonal of A is free. Let the order of A = (aij )
be n. We use induction on n. The case n = 1 is trivial. For the case n = 2, letting a11 = 1,
a22 = a12a21 + 1, we have det A = 1. Now we assume that the assertion holds for matrices
of order n − 1 and prove the result for matrices of order n  3. Thus using assumption and
considering A’s leading principal submatrix of order n − 1, A can be completed to an integral
partial matrix
A′ =
(
A1 u
vT an,n
)
,
where A1 is a unimodular matrix of order n − 1, and A′ and A have the same last row and last
column. By Schur complement [4] we have
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det A′ = (det A1)(an,n − vTA−11 u).
Since A1 is a unimodular matrix, A−11 is an integral matrix. Let
an,n = vTA−11 u − 1.
We have det A′ = det A1 = ±1. Thus A has a unimodular matrix completion.
Next we consider the general case. There exists a permutation matrix P such that the given free
diagonal of A becomes the main diagonal of AP . By what we proved above, AP has a unimodular
matrix completion. But since det A = ±det AP , A has a unimodular matrix completion. This
completes the proof. 
We will need the following lemma called the König–Frobenius Theorem [1,2,5].
Lemma 2. Let A be an n × n matrix. The following two statements are equivalent:
(i) Every diagonal of A contains a zero element.
(ii) A has an r × s zero submatrix with r + s = n + 1.
Corollary 3. Let a1, . . . , a2n−3 be prescribed integers where n  2. Let (it , jt ), t = 1, . . . ,
2n − 3 be prescribed different positions in an n-by-n matrix and any n positions of these do
not constitute a row or a column. Then there exists a unimodular matrix of order n with the entry
at in the position (it , jt ) for t = 1, 2, . . . , 2n − 3.
Proof. Let A be the n × n partial matrix with at in the position (it , jt ) for t = 1, . . . , 2n − 3 and
with other entries free. By Theorem 1 it suffices to show that A has a free diagonal. The case
n = 2 is obviously true. Next assume n  3. Suppose, to the contrary, that A does not have a free
diagonal, that is, every diagonal of A contains at least one prescribed entry. Then by Lemma 2, A
has an r × s submatrix B with r + s = n + 1 such that each entry of B is a prescribed entry of
A. Since no row or column of A is fully prescribed, 2  r  n − 1. But then the number of the
entries of B is
rs = r(n + 1 − r)  2n − 2 > 2n − 3.
This contradicts the fact that A has only 2n − 3 prescribed entries. Therefore A has a free diagonal
and it can be completed to a unimodular matrix. 
Remark. Note that Corollary 3 is better than Proposition 1 when n  4. We cannot change 2n − 3
to 2n − 2 in Corollary 3. Observe the following example:
A =
⎛
⎜⎜⎜⎜⎜⎝
? 2 · · · 2
? 2 · · · 2
? ? · · · ?
...
...
.
.
.
...
? ? · · · ?
⎞
⎟⎟⎟⎟⎟⎠
,
where the ?’s are free entries and n  3. Any n positions of the prescribed entries do not constitute
one row or one column. A cannot be completed to a unimodular matrix. We can also find a similar
example in [7] when n = 3. When n = 2, if A has two prescribed entries and these two entries
do not constitute one row or one column, then A can be completed to a unimodular matrix.
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Next we point out that the condition in Theorem 1 is also necessary in a general sense.
Theorem 4. Let A be a partial integral matrix of order n. If A does not have a free diagonal,
then there exists a partial integral matrix B of order n such that B has the same set of free entries
as A and B cannot be completed to a unimodular matrix.
Proof. Let B be the partial matrix obtained from A by replacing each prescribed entry of A by
2 and retaining all the free entries. Then since A and hence B has no free diagonal, det B is
always even no matter what integers we fill in the free positions. So B cannot be completed to a
unimodular matrix. 
Finally we mention that in [7, Theorem 1] Zhan characterized the submatrices of a given size
of unimodular matrices of a given order as follows:
Proposition 2. Let r, s, n be positive integers with k, l  n. A k × l integral matrix A is a sub-
matrix of some unimodular matrix of order n if and only if A has at least k + l − n invariant
factors equal to 1.
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